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1. (a) Sketch the graph of the function fix) = dx? — gx+,
(6.5)

{b) Find the eritical points, inflection poinis and

2
asymptotes (if any) for the function fix) = #I +:
x_

Determine the region where the function increases
or decreases, its coneavity and sketch the graph.
(6.5}

(e} Identify the symmitries of the curve ¢ = % cos 20
and then skeich the curve. {6.5)

(d) Define parametric equations and parametric
curves. Trace the curve described by

X =ginnlL ¥ = cosnt for D <1 = D5 (6.5

2. (a) Evaluate the following limits using L'Hospital’s

Rule
tim,_, X = : and lim, [th{x’—lD”}]
Wb x‘ —hh e ) .
(6)
(b} Sketch the graph of ¥ = (x-gpa (6)

™ 768

(e} Use cylindrical shells to find the volume of the
solid that is generated when the region R bounded
by the curve ¥ = x%, the x-axis and for 0 <x < 3
is. revolved about the line y = -2, (6)

(d) Find the volume of the salid formed when the
region between the graphs of ¥ = | + x! and
¥ =3 - x is revolved about the x-axis. (63

(a) Find the volume of the solid generated when the

region enclosed by y=24x, x = 1, x = 4 and the

x-axis is revolved sbout the y-axiz. {6.5)
{b) Find the length of the cardinid :
r = a(l +cos8). [6.5)

(2) Find the area of the surface generated obtained
by revolving the parametric curve delined by

x=t,, y=1), 0<t<] about the v-axis, (6.5)

(d) Find the arc length of the curve defined by

Kh%t’.y=%t’,ﬂ'§tﬁl (6.5}

4

P.T.O.




:udmi.m_ formula for evaluating the
™ | sin"xcos*x dx, m and n are
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1@ O IF =GRy -2+ 2 0] - ek
find V(V.F) at the point (2,-1.0).

(ii) Prove curl(V@) = 0 where @ = @(x, ¥, 2).
(6)

v eil) = ~«/lle |’ and diyr=3. (6)
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{a) Solve the differentia equation

(%" + y2dx - (% + xy)dy = .

P T.D.




(b} Solve the initial value probiem
(1 + yeuidn + (2y + xepdy =0, y(0) = 1.

() Find the general solution of the differential eguation
2y + y = 4L

(d) Solve the differential equation

(it + xyddx = dy. :

{e) Find an integrating factor of the form Py and
solve the differential equation

(3xly} - 2yfydx + (Sxy' - Bxy")dy = 0.
Attempt any two parts, Each part is of 6 marks.
(#) Assume that the rate al which radioactive nuelel

thit are present in u given sample. In a certain
sample 10% of the original number of radivactive
nuelei has undergone disintegration in a period ol
100 years.

(i) What percent of the original radivactive
‘nuctei will remain after 1000 years?

{ii) In how many years will only one-fourth of
the original number remain’

decay is propartional to the number of such nuelel




(b A certain ity had o population of 25,000 o | 260 -

and a population of 30,000 in 1970, Assume that
i pu;i‘nlut'lﬁn will continue to grow exponentially
at @ constan! rate. What population can its city
planner expect in the year 20007

(¢) An arrow is shot straight upward from the ground
with an initial velocity of 160 fv/s. [t expericnces
boih the deccleration of gravity and deceleration
vi/800 due to uir resistance. How high in the air
dues it go?

() '['h:l-.fﬂlirﬁil'fn; differentinl equation describes the
level of pollution in the fake

4aC - F .. -

e 7 =C
where V is the volume F is the flow {in and out),
C is the concentration of pollution at time t and
' Is the concentration of pollution entering the
Iaku Let = 28 x 10® m’, F = 4 = 10° m*/month. If
only freshwater enters the 1!1:!

{i) How long would it take for the lake with

;-dmuﬁm coneentration 107 parts/m’ to draw
bﬂﬂ the safety threshold 4 ll}" paris/m®?

(1) How long will it take 10 r-:dm-lhn pollution
level to 5% of its current level?

2T,

f’.]




(=) Write down. Hlﬁ' ii‘ﬂi ﬂ'ﬂﬂﬂl‘ll along wi Lh
mpartnient disgrams that describe the movement

of the drugs between the three compartments in

N the body. the GF tract, the bloodstream and the

| urinary tract, when a patient takes a single lﬂﬁ

. i Here, the urinary fract il. only an al;_laurﬁi
< compartment. From the word equations, develap:
& the differential equation system which describes.

this process, defining ail variables and para cters
a5 required. ? '

th} Snlve the logistic differential equation with the
initial condition X(0) = x,, '
() A populstion, initiatly consisting of 1000 mice, has
| 3 Per capita birth rate of & mice per manth (per
| mouse) and a per capita death rate of 2 mice per
m&{pﬂm‘nﬁu} ﬁl‘ii:_i. 20 mouse traps are se
each weck and they are always filled.

(i) Write down a ﬁ'éfﬂﬂuhhu_ﬂmﬂﬂqg the
rate of change in the number of mice and
hence write down a differential equation

| - far the population. |

(1) Find the population of mice after 6 months|
|

! -
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=
(d) Consider the harvesting model
X _ o X)
> fx[y_ r_] "

(i) Find :hu two non-zero equilibrium

AYpad

(i) H'm&'nﬁﬁm rate h s greater than
ﬁﬁuiﬂhﬁam values Hﬂ not exist and the
population Mw extinetion, What is this

~eritical value b7

(iii) If the harvesting rate h < b, the population

may s1ill extinet if the initil population x,

15 below some critical level X_. Whai 15
this critical initial value X ?

4. Attempt ny two parts. Each part is of 6 marks
mlﬂndmeﬂ the differential equation
f: y erae .
fﬁ-h@_fi%:—ﬁ—lynﬂ;
(h} Show that y = 1/ is a solution of y' + y* = 0, bui
that {f ¢ # Dand ¢ # 1, then y = e/x is nol 2

solution.

T,
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ﬁ A I'

(&) Uk the Weonskiyy, 19 prove thay fneiivgy
fx) = g1 B) = eh gy el

are lingarly mdependes)

(4) Use metliog of und
Particulay soletion o

o' the real fjpe

clermine] gpe
rl.lin“e.rmlil.l

ym+yr=2_

tlicieny 1 find

Sin .

5 Abtenpg Y twa paryy, Each MIET iw of § mirks.

(%) Find the geyery $olution v the differen;
¥ I&y = g

(b} Solve the initiaf value prob ey
1'}""

—Jf'~2.'1-‘=ﬂ:ﬂﬂbhl.r

il equation

W=, ¥ =3,
(e Find thy seneral soiution of the

Euler
LT A Ixty

4 equation
M - K,J = ul
() Use ehe method o) Vittiation

of putametery Ling
the solution of the differen;

ul equariay,
}"'+3y"+2y=¢e.',
mlempl any twe pares Each paurt

i of 6 marky,
(4) Hy Making o

PpProprinie a53UMpliony develop
fwo dlt‘f’urmlun!.uqua::'ans deseribing

a

(¢} Suppose thar mldiu.rn from

7

prednrar»yrq}r interagt

on with DD Spray ¢iiey)
Check the model in 1

& limiting vase of
(i} Prey with ny predator,

(i) Predator with no prey,

(b} In u I'nnw:my: barttls, ¢
vther, oul fires o o givey aren, A s
mathematicy mande| du-s‘crlbing. this bartle |
by the coupled differentiy) Euations

neither ATmy can see (he
8 piven

%%:-u::.l!ﬂ‘, %#-ﬂ,ﬂh. where R: Reg Army,

B: Blue Army where yoand 2 are positive

canstants

{1} Use the ehain rule 1y
between R and B, givey
of soldiers for the twa
b respectively,

Ll g relationstp
the initial numbers
armies are 1, any

{ii) Draw a skeiep of

ypical phase-plyye
trajectories,

the red army are vigihle
1o the bluc army, by soldj

ers from the blye army
are hidden, Thus, the red o i

liring while the blue army
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(1} Write down sppropriste word gguslions
descpibing the rte of change of the number
of soldiers In each of |ho armics.

(i) By making appropriale assumplions,
obtain two coupled differential equations
describing this sysiem.

fiti) Extend the madel to include reinforcemenis
if both of the armics receive reinforeemenis
al a comstant raie.

{d} The pair of differential equations

dP dT
_= = — F.'
di ik ar

where r, ¥ and g are posilive conslants, 18 0 model
for a population of microorganisms P, which
produces toxins T which kill the microorganisms.

(i) Given that initially there areno toxins and
ppmicroorganisms, oblain an expression
relating the population density and the
amount of toxins.

{i1) Give a sketch of a typical phase-planc
trajectory, indicating the direction of
movement along the trajectories

(iii} Using this model, desoribe what happens
to the microorganisms over time

{1500}
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1174 2
(ey (1 For the veuls
3,21, find 1

1% arthogonal o i

5. 4] and b=,

||.m}Jln
{3}

wE il | 43,
aeny b i yarity that b

{ii) Proye thtit 1F {x ¥ ¥) (n-yr o W aan (120
[yl wihete X amid y e yeetors W ;2
' (1)
() Lise the (janas-Jurdan Methol Lo gaiilve L
Following Hyslem af Linear equiltions
T T L .
1 T, s T = (M .
)

u-zyw-.f.-t.:.

SR (| Petgrmine bty He vectal (7,1, L8] i 10 il

aw space ol (e waaliis

Il. k| {3 1\‘
1] & £ (.3

it potynomial and StEen R

(b)) Wind the cluonute

of the sl eiN

U [
s 'll P
y <2

[

Is A 11n.|.-gm|.-.1lt.mhl.1:'e' Justify.
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ed () Show that the se1 or Vectors of the form

L4 3b,on — 5 4 4¢ — b, ¢ in @ Formy

i stbspace of RY under the usual opecations

(4}

(i) Fond the elgenspace B, corresponding 1o the
aigen Vilue 3 =3 far the matrix

* -3
"""‘u dJ (3:5)

V) Let W be the sel BY with thy operations addition
uind seular multiplication for X Yo w, zand i jn @
deFined by
%y @ [w, 2] = [x+w+ I, y b -2] and
Wk Ixiy] =[ax +a L, ay - 24 e o
Frove thut ¥ b a vegrgr space aver B, Find the

e veetor in' V' oangd the additive ipverse of gieh
YORTRr g Y (5/5]

b ) Liwirkge vank criterion, chegk whether the tollowing
AYRlem 15 consistent gr nopy

R ¢ |
¥ .
4 =1 5 g =12
, 2. a3 q all=l i,
W
I consistent, stlve the system. {6}
| PT.),
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b limear transformation and B L 32k
[ 4,13,31, (23,200 and €= {{=2.-11 (3.31) be
bases for 3 and &3, nespsatively. Find the miteis
My ol Lot B oand (6,53

B - m——

. t
(#) Comsider the linoar teaninformation L B —» I |

phiven hy

w ) Hhow Hul 1 i -.1|..'|.[u

LALR, g 2l = AR Y ©

it st e b i,
it LA, 2

o |
oy |

(i) Pl (e iinimum distinee froi i | :
* 1o the subspics W < upun {502 2u - By, -
af R

&

() Vil o beiast sguares goltitlon for this L systein

[y Considar :;'pu}lyéun asncginted with

AX i3, wheve !
5 2 14

ALy o] mels e

Pt T i

|

|

24 maeria

|

]

]

f ® 1010 s ordimary ,_,.;,mdilulll-‘*.i
o2 Wb |

% N
o4
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i B o fing the ey
& W vertices g
siteli indicared Aperiiign iy s

(0 vanslation iy this vector (12 6|

(i} ratution abour (e urigin through () = gy«

(1), refeetion bl the |ine ¥=dx

{iv} scaling ubout the uri
ol 12 dn the s
Yedirection,

B with seale factory
direction ang 4 i, the

()

i) L : L
(o) Lot - @ g be the Linear Operator given by

g1 -4 2 g -AJ.
L sy [=f I -3 Ay
MLLZ W 4 Xy

ol the bagis Tor Keril.

i )l busis oy Runge(L), |

iy Dimension Theos
e, '
(6.5}

1B} Fur' the subspue W = flxcy, 2 -« Ty 2= 0)

::..1?"_, m.'d WL the orthsgonn comploment of W
arily dimf Wy 4 dim{w ) - i Yy {f S}I

() Varity that the Biven ordered basis B iy

Ol Henee, fur e given v, fing [¥]
L1}

c
B.T.O;
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where y = =23, B= {|' |||_|: ,1-:1 ”
i

[.5)

(d) For ihe Biven Eraphio, ke

conedinates o find the new

nomagenenng
vertices afie:
perlarming » sealing abow (2,25 witl; gephe faei

of 2 in x-direction and 3 in y-direction Sketch the
fimal fipure resulting from 1he MY EINend,

(5.6 )
f T

>
&
1

(f.4]

(2000)
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R
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4, fayLer X = (&3 and ¥ = {y,) ke sequences of real
numbers that convetge o X and v respeetively.
Then ihe product scquence N.¥ converges (0 1Y,

{b) Let X = [x,) be'n pounded sequence of real
ley x & R hive the property thit
X converges o

numbers sl
every convergent suhsequence of
%, Then the sequence X 8 convergenl 100X

(¢) Thiscuss the conyvergence of the fcquence (X ),

1

1
Tk i form & N,

where %, ==——
ntl n+2 n

(d) Use the definition of the fimit of the sequence bo
find the following limils

e i 1
(@ Jﬂ(;'m]

S In+l
@ m(35)

5. (a) Prove that @ necessury condition Tor the

lim a; =4

convergence of an infinite scries Za 18
L

= the condition sufficient? Tuasti

an example.

fy with the help af

738 5

(k) Prove that the geometric series | + ¢ 4 ¢ 4 -
converges for 0= r = | and diverges for r = |

(€] Test for convergence, the following series -

1 2l 8l
{i} 3'4--5-?-1-5—!4...‘

o il

{ii}

{d}) Prove that the series x—f-+£ K
AR

converges if and only if <] < x < |

() Stare and prove C
iy ik )
term series, ehy’s o't oot test for positive

(b} Prove that the series I+—|-+ R
bY —k— CONVerges

kL L
far p > 1 and diverges for p = 1.

{c} Test for convergence, the following series :
(i} Z:zl[{f'nm—uj

Py



@ T

{(d) Prave thet every sbsolutely convergent series is

2
convergeni. Show that the serics Z{—E}n ::.,+ q?-'"
&
converges for all the real values of x.
{1500)
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1075 2 L

L. Fillin ihe blapks - (Any ten) (10}

tn) Numerical value of -; up to 10 places are pivey

by command _____

(b) Command far Squire of a previous autput g

(e} Command for 100! js

(d) The output for .-‘\n:Tnn[{] e

() The command for 7 mod Seia

() The command for numeric value of 3.5 i

(8} Command for numerica] approximation to 137" with
15 significant digi| is —

(h) Command far the Table of the squares of the firs
five pusitive whole numbers: iy

{1} i used to plat an implicitly defined function.

0} The command will produce o formatted
rectangulor array with brackets an the sides,

(k) The symhol ——— will zimply miultiply
cotresponding entries-in the jwe mitrices,

.8

075

(1

Annwer any

(

y The command for natural logarithm is

ollowing
two parts fram the fo dlsiamo)

nl L1 K = CcD 2 Ix Find

Dcﬂ I ti ¥ cos A% Sk 2 -
no thﬂ unetion Hx

its dﬂ”‘.‘ﬂﬂl‘ﬂ ﬂ.lld. illtL‘Elﬂl hetween thﬂ limits
] X

[m/3] and wiite the commands for the same.
{h) Write commind for sketching the cupve:

% = 1+ Sinfl)

y = 2Cas({21), {1 0,23}

{(eylet A=

P Lied; =

4.5 Wi=3
ey B=1 4
3 2 3l

~i e b

Write command for generating
(i) Marix (A+ Bl
(i) Matrix Muliiplication

icati ! B.
(iii} Pointwise Multiplication ol A and

of A and B

1
d Write E(]nmﬁﬂd for gﬁﬂﬂlhluls graph ﬂ[ l'lE
‘. } 1

surface
2 3
i £y

N 1) for =575 X, 'y 55
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(i) product of square roots of 30 and 50
(if) sum of 3" and 5® power of pi.
(i) sum of squares of positive divisors of 3.

(b) Write commands to
(i) read character data from the file
‘mames.csv’.
(if) enter the names of months of the year
' having 31 days.
fﬂﬂm a new vector from the vestors
obisined in part (i) and {ii).

(c) Write commands 1¢
iﬂ_!ﬂ!“*ﬂ“ list nf objects that end with ‘¢".

{ﬂ}mmwmmnnﬂmwmm
b in their name.
(i) mgnm list of all objects starting with

(i) convert a vestol
ufthvgﬂciﬁhnmﬂiuww
(i) wﬂthﬂswnfvm:u

(ifi} get the structure of all available objects
with “data’ in their name.
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(a) Find the interval in which the smaltest jmsin'w:
root of the equation x¥— % — 4 = 0 Jigs, Perform
three iterations of the bisection method 1o determine

the root of this equation.

g






1943 4

L™

following system of equations

kOx, + - g 4% = a1

-

- I 10x; = 53Xy = =<2
Ix, = 2% T 10x,; = 3%

(b} Salve the following system using the Gauss-Jardan
method,
R T e 7
x4+ dy+ Iz = P&
y+ Jy+dz = 22, .
[
(¢) Caleulate the second order divided difference of

1 .
F based on the points Xq Xy .

(d) Determine the Lagrange form of the interpolatin
polynomials for the following data set 1;
|

ey

(=1

o

H | -4 {0 %0 ]
h—_ﬁ} E E I il ,

Hence estimate the value af (1.3} |

(a) For tne foilos ing dats, 1106 {2
psing Central difference formulas






T —

. (a) Approximate the value of =4 by \;ﬁng;scim;u;nn*q

lr}"'ruh.

' nfr.h#
EIE*EE. 1sx<56, 5‘{1}-1* uﬁllgvﬁ stefs,

dx

© (o) Arply ﬁﬁﬁiﬂi&'ﬁxﬂ#‘l mmm gpptﬂ:lmmu th
noof the W-P:_aiiﬁ"_mir:uhh: vl 3) by using

%i— =1y, 0% <1,y =2

(d) Use the Midpoint method 10 approximate 1

solution of
] dﬂ l-|..'
L = 2%t 3 ay =0
3 v, ¥i0)

with h=0.1. Betermine y(0.2) and w0.3),



[This questian paper contiing & printed poges. ]

Your Roll No...n

Sr. No, of Question Paper ; 11540 A

Linigue Puper Code 32351401 _LOCF

MNume al the PB'FIEE BMATH=-48 Partial Dhifferential
Equanion

MWame of the Course . CBCS B.Se. (H)
Muathematies

Semestel 4

Drunition ! ¥ Hotes Maximum Marks @ 73

Instructions for Candidates
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Allempt any two parts out of the following.

Maorks of ecack parl are indicaied.

|, {u) Define the following with one example each: (6}

| !
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(i} Quasi-linear first order partiel differential
equation {PDE),

{if} Semi=linear first order PDE.
(i} Linear first order PDE.

State whether the following first order PDE
15 quasi-linear, semi-linear, linear or non-
linear :

{.{'l-'-'r]lr. —[_!.-'.:'1]#, =[x —_v:]
Justify.

(k) Salve the Cauchy problem ()

¥
.-..'IJ_I _“1 =1

such that u(s.0) = 0, x(s,0) = 25°,

¥(50) =25, 5> 0,

{c} Oain the solution of the pde {6

1 2 y_ X
:rf_.-.- Hr]:r,—_lr{\' +-:r::|r:, ={x” =¥ Jue,

with the data uw(x.v)=1on x+y=10.
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Bd

(d) Apply o =v #nd (z )= 5}« gly) toselve

o |
¥ )

Attempl any two parts oul of the following

{n] Apply the method of separation of varinhles u(®.¥) =

fix}gl(y) o solve

e - ! 1
Kby XTI =[xt}

such that :r|{f:.,ﬂ]|=?ufT (i3]

() Find the solution of the equition [6.3)

. |
Yo, = Xy = 40

with the condition ufy) = ¥

{¢) Reduce mto canonical form and salve for the general

salution [6:5)
u, = i, - U= |
{d} Derive the ane-dimensional heat cquatian .
U= KU,
where ¥ 15 4 constant, (6.5
P.T.OQ
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SECTION - 1L

Abicmpt any two parts oul of the following
{a) Find the eharacteristics and reduce the equation

u, —(sech sy, =0 into canontoal form.  (6)

{b) Find the charscteristics and reduce the equation
2t 3o, #3 0, +xvy +11."::, =0

into conomcal form. {6}

(¢} Transform the equation o, —u,, +3u, =2u, +u =1

b the form vy, = eV, c=constant, by introducing the

“(ng vl

néw varishle ¥=pe . where & and b are

undetermined coeflicients. (6l
(d) Use the palar co-ordinates v and 8 { x=r cosfl, y=r

sinf) to teanstorm the Laplace equation &, K, = ]

into polar form. {6

Attermps any two parts out of the following

{n} Find the D Alembert solutian of the Cauchy problem
for one dimensions! wave eguation given by

w,—ot, =0 xe >0
wix,0) = iz} ek
u,{x.ﬂ} =g|:,t},.1‘Eﬂ. (h:.3)

(b) Solve (6.5)

¥y =i +u, =0,

ulx,p)=f(x) on 1-1-!";—::41'&: 2sx= 4,

wfxv)=g{x)on x—-‘;—.‘-ﬁfurﬂ S 522,
with ({2} =g(2).

{c} Determine the solution of initial boundary value
problem

u, =16, O<x<mt>0
w(x;Oy=giny, Osx<m,
W =x, 0Sx<m,

ullt)=0, 120, (6.5)

{d) Deierming the solution of initlal boundary value

problem (6.5)

[
PT.0.
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=9, 0<xoo =0,
w(x,0)=0, 0= x<om,
wlnli=z', Osxem

u (0,00=0 =0 .

SECTION - 11T

5. Atempt any two parts out of the following :

{a) Determine the solution of the initial boundary-value
problem by method of separation of variables

wi=etenn B=xaifin = 0
0y = hxtd, Dx<u
WEEI=la -2 (- a). asxsl
u,fx,0)=10, D=x<ld,
wi0,1) =0 =uil, t}=10 rz40
(6.5)
{b; Obtain the solution of TRVP (6.5}

=u, ., O<x<d 120,
ufx. =z, 0=x=2,
w0, 0=0, w, (2.)=1, t=0,

7

{€) Determine the solution of the initial-value

problem (6.5)

==y 1
W =C N kT,

wix,0)==x, Br=esh],
u,(x,0) =0, Ngxl,
H{ﬂ,r]=ﬂ..r-‘l|.r}=ﬂ. =00
(d) Betermine the solution of the imitiai-value
problem (6.5
u,=ke ., D<x<le = 0,

wlx,0)=x(l —x), J=x=<l

wil;) =1t uwllay=sint, ¢t > 0

Ablempt any two parts out of the following :

{a) Determine the solution of the initial boundarv-value

problem by method of separation of varables (8]

W, =cty, Hex<n, bt =4
e 0v=0, 0sx=<a,
¥

—Lx, 0=r=g
W, (r0)=49 @

v (l=x3i(f=a), aaxs]
w0y =0 =wulat)=10, +z40 e

P.T.O
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{h

(e

8

Find the temperature distribution in & rod of lenpth |
Thie faces dre msulated, and the initial temperature

distribution s given by x (1 - x). (&)
Establish the validity of the formal selution of the
mitial boundary — value problem (6]

w, =k s e Ll O,

iz, 0r= fix), 0<x=<],
wil, 1y =0, ¢ =0,
& (. th=4, - N 1

P Prove the uniqueéness of the solution of the

problen {0}

W, =0 0< x<i, t >0,

I yu!

wlix )= fix), 02 x=1,
o by=2(x),0 x5 1,
i rYegi ty=8. = O

(3000)
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This question paper has six questions in all,

3. Attempt any two parts from each question,

L mﬂmmtuummbhmqufmuﬂ:nuhnmmh]z.mmmmut
N = N i countmble

(s} State snd prove the Archimedian propenty of resl sumben,
(= } Let 5 be 2 non-empty bounded set in 8,
Sl that

Sup(afl=aSups ifas0
& Inf{a S ) =aSupS ifa <0

P.T.O.
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{d) Find allx € K thas sarisfy the fiolbowing insqualitics -
i) e = 1] = g+ 1|
(i) |zl #+ e +1] <2
{6, 6)

L (a}Let A und 8 be two non-empty subsets of R that satisfy the property:
aZbvaEARYLIER

shaw thas Sup A £ Inf B,
ﬁw-hdﬁmummmmmmmmmm

0 Le (B = 2

(e (a+T-Vi)=0

(2L () = x > 0, thow that 3 & nitural no. & 1w 2k, then
%-‘l: <k, oz

iLet< x, >bhea of positive real bers such tha

b (xa'fn ) = 1 <1, dhow that Lt (2, = 0,

(B, &)
- [njh-ﬂmmummmwmm

() Bstablish the convergence or the divergencs of the sequence <ty >, where

' i 1
L e E+H+ Hl L EN,

{c) Samte Conchy Canvergence Criteria for sequences.
Stow thrl the sequence < &, > where
Ty 1+§+ ‘i‘c--uéiuﬂi"-‘mﬂim-

{d) Srane: mnel prove the necessary candition for the convergenes of an infinite serics.

s the conditbon safficient 7 Justify the mnswer.
(6.5,85)

4, II!Tﬂfﬁthfbmm-ﬂ whsodute convergenoe of the series.

T P
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(1) Show that the sesies 1., — in  divergent series whenp < 1

() Tewt Eor the eoavergence of the following series -
) Bl VT T = )
TR

(d) Tiest the series

14 24 24 Lt for convergenoe, for sl positive values of 3

16, 6)

5. (s} Prove thal im —2 =0 vz € R

n-+m 13 nipt
Al prove that < 25— > s mot unifirmly canvesyent an [f) 20 | hut is
uniformly convergent on | a0 .2 >0

i{b) Discimss the gensce mnd uniforms geoee of the sexien T f, (x) whers
X B ghvenby {2 + n?yL

{c} Determine the Mun{wwm Interval of converpenee of the
pomer series £, E0™ gy qyn.

{d) State nnd peove Welerstmes M — test for uniform convengence of 2 series of

fanctions T £, {:).mumuﬂtmﬂmwﬂfé%;ﬂv: ER.

6.5, 6.5)

£ () Drefine exponential function i terms of power seriss. Prove (hat

[ME(x)=E{xWx ER
(E{x+¥)=E(x)Ely) vy €R.
i E(r)= e ¥reQ

where £ denotes exponential function.

() Let [ be & bounded real funcsion defined on [a, b |. Let P be any pastition of
{2 b ]. Define the upper and lower sums of £ aver P and shaw that
mib-a)SLiPf)SUIPFISM({b=n) ;

{&) Shoow that the function f { ) = ¥ # 1 in integrable on [ 0,1 ] and find

I fix} , using Sequentinl Criteriu ¢

P.TO
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) Let f be & hoanded real funciion defined on la.b].L&chcmrparﬂlhunr
[n.b].t::ﬁu:huupp:und buwmmuffm?mdmmn
mib=a)sLiPS) <U(PfIsM(b-a)

where mudﬂmhumﬁnffm[mb].
(6.5, 6.5)

{3000)
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(a) Let f be a bounded function on [n, bl. Define
integrability of fon [a, b] in the sense of Riemann
14}
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{b) Prove that every continuous function on [a, b] is
integrable. Discuss about the mtegrability of

digcontinuons fundciions. (&)

1
(e} Ler fix) = san far % =0 and FO) =0, Show tha

| ¢! '
{ is integrable on [-1, 1], Show that -I_1f{1}d5 |$f'..
(&)

(d) Let fix} = x [or rational x; and f{x) = 0 for
irrational x. Caleulate e upper and lower Darboux
integrals of f on the interval [0, b]. Is T intcgrable
on [0, b]7 (6}

2. (a) State Fundamental Theorem of Caleulus 11. Use it

o caleulate

Iun‘_,{,ij:efdl. (6.5}
(b) Let [ be defined-as {65}
i, L=
Fis}=1t O0=tsl
4 =]
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(i} Determine the function F{xj:j_:rmm.

(i) Sketch F. Where is F continuons?

(i) Where is. F differentiable? Caleulate F* a1
points of differentiabtlity,

(¢} State and prove Intermediate vilue. theorem for
Integral Calculus. Give an example 1o show thal
condition of continuity of the funciion cannol ke

relaxed (6.3

(d) Let f be a contintous function on R. Define

G{x}:]‘:j“f{ﬂdt for x e R,

Show that G is differentiable on ® and compule
& [B.5)

1. {a}) Let Pip.q) (where p.g>10) denotes the beta
function, show that

.: Pl {optly et
0* {140)" 0" {I-n-"r]:"" L&
PO
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(d} Let 1'{::.]=E:_":1,.‘:¢" be a power series with

radius of convergence R = 0. O <R < R, show
that the power series converges uniformly oo
[-R,, R;]. Also, show that the sum function f{x) is

continuous on the interval (-1, B}, (6.5}

(3100
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.  Write your Roll No, on the top immediately on receipl
of this question paper.
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Altemplt any two parts from eanch question.

3. All questions are compulsory

{. {a) Define 2ero divisors in i ring. Let B be the sol of
all real valued functions defined for all real numbers
urider function addition and multiplication

Determine all zere divisors of K. ]

o o
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(b} What is nilpotent element? I a and b are nilpotent

elements of 8 commutative ring, show that & +h

i nlso nilpotent, Give an example to show that
this ‘may fall if the ring R i5 nol commutative,

(64)

{e) Let R be o commutative ring with unity. Prove
that U{R), the et of all units of R, form a group
under multiplication of R. (6}

{d) Determine all subrings of Z, the set of integers.
(6%4)

2. {a) Define centre of o ring. Prove that centre of a

ring R is a subring of K. {6}

(b} Suppose R is o ring with & = a, for all n e R
Show that R is o commutative ting. ()

{c) Show that any finite field has order p", where p 15
prime. (6}

(d) Let B be s ring with unity 1. Prove that if 1 has
infinite arder under addition; then Chark =10, and

if 1 has order o under addition, then Chark = n.
{6)

T 1395 3

5. {a) Let R be a commutative ring with unity and let A
he an ideal of B, Then show that R/A is a field
if and only if A is maximal ideal. (6Y:)

(b) Prove that 1==2+ 2i > is not prime ideal of Z{t),

How many cloments are in E_Il‘]-; What is the

characteristic of Hlﬂ? (%)

(e) In E[x]. the ring of polynomials with integer
coelficients, let 1= {f{x) = Z[=] A0 = 0. Prove
that 1 is not & maximal ideal. (6Y5)

{d} Let R[x] denote the ring of pn]ynnmials.with real
coefficients and let =2 & 1= denole the principal
ideal generated by x* + L Then show thal

Eﬂiilr’lsﬁfﬁ (x* +)le(x)eRlx] -

{nx+h+ {:2 +Ij||a.hE EE}

(6%}

t
P.T.0.
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R s divis ble

(6}

(b) Let h-ﬁi!ﬂ - Py(R
Bt 64 ity = =51+ i
(e —bix.

I space N(T) and range space R(T), Al




e T
N = ) -
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R
2 5 -4

© For the mari A=| 2 5

and ordered

H‘IIM ﬁmﬁﬂﬂ'hmlfmd only
AF T carries linearly independent subsets of V onto

|
basis B = {{1.1,0). 'm: 1, 1), (1.3, 2}}- ﬁﬂﬂ'
|
.

|

i .
‘ linearly independent subsets of W. ®4%) ¥
|

|
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Write vour Roll No. on the top immediately on receipt
of this question paper.

3. All guestions arc compulsory.

Attemp! two parts from each question:

{a} Sketch the region onto which the sector r £ |

0 £ B < n is mapped by the transformation w
27 and w o=z ()

(b) (1) Find the limit of the function f(x) =¥ 45

tends ta Ok

il S B
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prove that il is the Taylor mﬁmhﬁﬁ

(b} Write the two Laurent Series in powers of 2 that

. |ihtfﬁﬂﬁﬂ ﬂg)ﬂ”—'ﬁ in WW;‘;

- for e e ) andd.
) Suppose that 2, = %, * B (1= 13
Cax- i mapenn
Bmeatn = § iff Sy % = X a0ZRm T g

fF 5]
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L. Write your Roll No. on the top immediately on receipt
of this question paper.

=l

Attempt any two parts from each question.
Al questions are compulsory and carry cqual marks.

Use of Scientific caleulator, Basic caleulator and
Normal distribution tables 411 are allowed.

e

L.~ (a} Explain Duration of a zero-coupon bond. A 4-year
bond with a yield of 10% {vontinuously
eompounded) pays a 9% coupon &t the end of
gach wear,

P.T.D.
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{e) Let ¥V be o lognormal random variable with o being
the standard deviation of ln V. Prove that

Efmax(V - K, 0)] = E(VIN{d,) - KN(d,)

where

w? ot
d1=ﬂa§_+'i’ dz‘%

and E denotes the expected valoe. Use this result
to derive the Black-Scholes formula for the price
of a European eall option on a non-dividend paving
stock.

{d) A stock price is currently ¥ 50, Assume that the
expected return from the stock is 18% and is
valatility is 300, What is the probability distribution
for the stock price in 2 years? Caleulnte the mean
and standard deviation of the distribution.
(%1% =1.1972)

6. (a) Discuss gamma of a portfolio of options and
enlculate the gamma of & European ¢all option on
a non-dividend-paying stock where the stoek price
15 T.49, the sirike price is TS50, the risk-free

z;

9

interest rate 18 5% per annum and the fime to
My h.w-wnltl._ and the stock price volatility
is 0% per annum, (In(49/50) = -0,0202)

{(h) What is ih-mhﬂomh-}p betwean deltn, thetn and

gamma of an option? Show by substituting for
various teems in his relationahip that it is true for
asingle Europenn put aption on o non-dividend-
paying stock.

() Find the payolf from a beqr spread created using

put options. Also draw the profit disgram
corresponding to this trading strategy,

(d) Compasmisd X wishes (o borrow US dollars at a

ﬁ:ml ipimﬂ: m Company ¥ wishes o borrow
Indians rupces a1 o fixed rate of inteces), The
amaunts required by the two companies are
roughly the sume at the current eachange rate.
The companies have been quoted the following
interest rates, which have been adjusted lor the
impact of tnxes

R Dol
Company X 9.6% 6.0%
_Company ¥ 11.1% 6.4% £

PT.O;
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10

Design a swap that will net o bank, acting as
intermediary, 50 basis points per annum. Make
the swap equally attractive lo the (wo companies
and ensure that all foreign exchange risk is

pssumed by the hank.

(2000)
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2 () Let us consider the following Linear Programuming.
[ Problent:

Minimize z = ex.
mbjuct to -mi =t w20

L u‘*ﬂ} be @ basic feasible m-hﬂan
'nﬂing,tu & bmula Mm;mﬁwﬁh

8= (I < 4) b 4 e .
9 Find il b eaible soluions o he equaion:

B2 3 g

%ty =g

{d) Prov that
Lhm:- p,,;;mm . m“’ - solution of the

Minimize z = oy Simplex m mmun_uu of the

nds A0 extreme point of the feasible

PT.O
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MMMWEE Linear Programming Problem
by Big-M method:

AR, —4x; 4 3x
- subject to l”‘+3g“5h'lﬂ
Xy =
Sﬂ;-}*x,+1§

Fudya 20,

??: EF} sl}hﬁu the fou“m me ; |
by Two Phase Method :




T —
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(b} State and prove the Weak Duality Theorem. Also
show that if the objective function values

corresponding to feasible solutions of the Primal

and Dual Problem are equal then the respective

solutions are optimal for the respective Problems.

(¢) Using Complementary Slackness Theorem, find

optimal solutions of the following Lincar
Programming Problem and its Dual:

Maximize
subject o

4z + 3x9

n4+2x =i
x,-ﬂ:l.‘g 53
x, +3x; =5
n+x=2
J +x 53
X% =0,

{d} For the following cost minimization Transportation
Problem find initial basic feasible solutions by using
Morth West Comer rule, Least Cost Method and
Vogel's Approximation Method. Compare the

three solutions (in terms of the cost):

A [ o I ﬁﬁr—|
Source
1 (ol - I T O O E ETl
" w | 1w | e | |1 W
i | B [ Bfw o I
Temand Fe i 12 17 i

2 .
299 7
5. {a) Solve the following cost minimization
Tranzportation Problem :
Temsstren | | m o] m V. | Availability |
A 1] 1 10 13 a0
B 12 12 11 10 50
[ 13 1 14 13 0
Requirensents | 20 a0 W (1]

{h) Four new machines are to be installed in a machine
shop and there are five vacant places available.
Ench machine can be installed st to one and only
one place, The cost of installation of each job on
each place is given in table helow. Find the Cptimal
Assignment. Also find which place remains vacant.

Plocs A B C ] E

1 13 15 19 14 15

1 16 12 13 14 13

i 14 15 18 15 1}

w I8 2 I 12 o
¢

P.T.0.




{¢) Define Maxmin- and Minmax value for a Fair

Game, ﬁnin#-wrﬂﬁﬂ:tﬁﬁ-w*-mﬁph;. find
the saddle poiat, if exists, for the following pay =
off matrix:
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2. All questions are compulsery.
3. Attempt any two paris of each question.

4. Question Nos. 1 to 3, cach part carries 6.5 marks
&nd Question Nos. 4 to 6, sach part carries 6 marks.

l.  {a} Determine all solutions in the integers of the
Diophantine equation 24x + 138y = 18,

{b) A farmer purchased 100 head of livestock for a
total cost of Rs. 4000. Prices were as follow:
calves, Rs. 120 each; lambs, Rs. 50 cach; piglets,

P T,
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Rs. 25 each. If the farmer obtained at Jeas: ane
animal of each ¥pe, how many of each did he
buy?

(e} Write a short note on Goldbach conjecture,

{d)} Find the remainder obtained upon dividing the sum
TE+20 430+ 1001 by 12,

2. (a) Prove that the congruences

X = a{mod n) and x = b{mod m) admits g
simultaneous solution if gedin.m)itn-b); if o zolition
exists, confirm thae it i unique modulo lem{n,m}.

{b} Solve the lincar tongruence 25x = 15 (mod 29),

(c)If pan g are distine primes, prove that

I:I.‘..I ok qp—l - ]{I'I'.Il.‘l-d Pq}.

(d} State and prove Wilson's theorem,

3 (a)Iffiza multiplicative function and F is deflined
by Fln)=31(d) then show thit F is also
dn

multiplicative, explain Your result when m = 8§ and
n=3

1298 3

(b} Explain Mobius p- function with example and also
show that

HEnJp{n+)ptnd2)p(n+3) = o

for each positive integer n,

(¢} Use the fact thar each prime p has a primitive
oot to give a different proof of Wilsan's thearem,

{d) Let r be a primitive root of the integer n. Prove
that ™ is a primitive roat of n if and only if
ged (k. diny) =1,

4. {m) Define number ~ theoretic function and also show

that mumber — thearetie functions o and t both
are multiplicative functions.

(b Write a short note on Mabius function and show
this function ix multiplicative funetian,

() If p 53 prime and k > 0, then prove gi(ph) = ph -
P! Explain vour resuly by an example,

(d} Use Euler's theorem for any odd integer a, to
prove at=a(mod 4080).

5. (n) Find a primitive root for any integer of the form e

L™,

F.T.0,




(b) Let p be an edd prime gp
Prove that ‘a* jg g
only if gie-1y2

d ged(a, py = 1. Then
Quadratic resjdye of p if and
2 [{mod Pl

{e) Let p ba an odd prime and let a and b be |
that are relatively Prime to p.
{a/p) (bip}

niegery
Show that {ab/p) =

(-72/1313

{2} Lise Gauss lemma g

“ompute Legendre symbaol
{5719

{b] Show that 7 angd 18 are (he

only Incongruent
solutions of x? = -l{mod 57,

{c} Using (he lineay cipher ¢ = 5P + 14 {mod 25)

Encrypr the Messape CRYPTDGRAPH?

(d) Use the Hill’s cipher

C = EPI + JF: {mod 26)
C, = JPI . 4F_. (mod 26)

o encrypt the message GIVE THEM TivE

{600)

LT
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Attempt all the six questions.

Had

Each question has four parts. Attempt any two parts
from each guestion,

Each part in Quesiion i, 3. 5 carries © marks:

£=

Enih part in Question 2, 4, 6 carriet 5.8 mAarks.

Lr ] L=y
- '

Use of sciemific calculator is allowed.

1. ([a} A sectetary L¥Ypes three letters and three
corresponding envelopes. 1o a hurry, he FII.;E:EI at
random one letter in each envelope, Whit is the
probability that at least ome letter is in correct
envelope?

T,
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Altempt any two parts from each guestion.

tay (i) IfD¥is an Integral domain, prove that D[x] is
an integral domain,

(i) If R is a commutative ring, prove that the
characteristic of R[x] is same as the
characicristic of R,

(b) Let fix) = 5x* + 3x* + 1 and g(x) = 3x2 + 2x + |
n Z.[x]. Compute the product f{x)g(x). Determine
the guotient and the remainder upon dividing fix)
by g(x).

P.T.0.
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m-l o
= f[p X"+ n‘n-|! 2
ficld and let | = {a; ¢ that
it buvnmd K1) =a,t .. 2= 0) Pmur 1
G E:ml of Flx] and find a gencrator
|_ is an

inls with real
the ring of polynom
(d} Let R[x] denote L )
| =
coefficients. Then prove tha {1:' A1 1}

hers.
{ complex num (i
{somorphic to the ring of & (341.,5,6.5,6.5.6.5)

: ihle
F[x] be irreduci

: ficld and pix) mial idesl

2, (w) (i) Let F:t;w::; that <plx)=is 8 masintsl $0e8
over F.

in Flx].
Zalx ie o field with 8
(i) Show that, 7570 " ]
elements.

ine which of the polynomials below arc
(h} Determi
irreducible over Q.

G35y 15x3 - 20x! + 10x + 20

iy x* +x +1

that 1 +4/-3 is
(e} In integral domain .’[J—_‘tk prove
trreducible but not prime.

L

1359 3
{d) Define Euc!_idean domain. Proye thai every

Euelidean domgin 5.0 prineipal ideal domain,

1’3'+3,3+3.5.ﬁ,'l
-

{4) Let v =P (R) and v* denate the dug) Space of V',
For pix) & V., define

I
fo e by fi{p(a}) = j‘:p[l}di and £,(p(x)) =

3
G — (L) is o basis for v*

and fing g basis for v for which i i the dugj
basis,

(b) Let W be a8 ¥ubspace of fing

¢ dimensiana| veetor
space V., Prove thint

dim{Ww) + dim{wey = dmiV), where W= g

annihilator of w.

Aed Let T b a lineay fperator gn M (R) defined hy
T{AY = AL Show

that £1 are the only eigenvalyes
ol T. Find l‘.lll'-ﬂ'nmrel:lura

elgenvalue. Also fing Bases
of cigenveatory of T,

sorresponding 1o each
for M, .(R) consisting

PTo

—— o
D
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(d) Let T be o linesr operator on R defined by
T(a, b, e) = (3a+h, 3b+ de, 4e). Show that T s
digonalizable by finding a basis for R' consisting

of eigen vectors of T. (6.5,6.5,6.5,6.5)

4, (a) Let T be a linear operator on fimite dimensional
vector space V and let W be the T-cyclic subspace
of ¥ generated by & non-zero vector v & Y.
Let k = dim {W). Then prove that [v.T{v), c.vig
TEWvi) is basis for W,

(h) State Cayley Hamilton Theorem, Verify the
theorem for linear operator T: BT = R? defined
hy T{n, b) = {a+2b, -2a+b).

(¢) Let T be a linear operator on R' defined by
Tia. bis) = (3a—b. 2b, a—=b+2c), Find the
characteristic polynomial and minimal polynomial
af T.

(d} (i) Ler T he an invertible linear aperator. Prove
that & sealar A i an eigen value of T if and

only If A 25 an eigenvalue of T,

(1) Prove that similir matrices have the same

(6,6.6.3+3)

characterntstic polynomal,

1359 5

5. {an) Show that in a complex inner product space ¥
over field F. For x, v e ¥, prove the following
identitics

) =xiy= = Llx+ vl -Hix-vif it F=R

(i) <x, ¥ = L—z:nlilix+itﬂf =0 whete

= -1,

(b} Let V be an inner product space, and let
8= {w, v, ¥} bean arthonormal subset of V.
Prove the Bessel's Inequality ;

Ixr!gl{mﬁﬂa for sny x eV,

Further prove that Bessel's Inequality is an equality
if and anly if % & span(S),

(€) Let ¥ = PR}, with the inner product

1
(Fx)a(x))=[1(De(n)a
i}
and with the standard basis {1, x, x*). Use Gram-
Semidth process to obtain an onhonormal basis i
ol P,{R’I. Also, compute the Fourier coelficients
of h{x] =1 + x relative 1o B.
€

PR
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{d} Find the minimal solution to the following system
of lincar equations
x+ 2y —z=1
I+ Iy =1
Ax+Ty-2=14 {1+43.5,6.5,6.5,6.5)

6. () For the data {(-3,9) (-2, 6) (1, 2), (1, 1)}, oge
the least squares approximation to find the best fit
with a linear function and compute the error E.

Let T be a linear operator on a finite dimensional

b

inner product spesce V. Suppose that the
characteristic polynomial of T sphits, Then prove
that there exists an orthonormal basis p for V
such that the matrix [T], 15 upper triangular.

(¢} (i} Let T be a lingar operator on ? delined by
T(a, b) = (2a + ib, &+ 2b), Determine whether
T is wormal, self-adjoint, or neither.

(iiy For 2 € C, define T C— Chy Tlu)=zu
Characterize those z for which T is pormal,
self adjoint, or unitary.

(d) Let U be a Unitary operator on an inner product
space V and let W be a finite dimensional
U —invariant subspace of V. Then, prove that
{iy W) = W
(if) Wt is U-invariant (6,6, 3+3 3+3)
{3000)




